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Robust Control of Linearized Poiseuille Flow

Lubomṍ r Baramov,¤ Owen R. Tutty, † and Eric Rogers‡

University of Southampton, Southampton, England SO17 1BJ, United Kingdom

An approach to feedback control of linearized planar Poiseuille � ow using H 1 control is developed. Surface
transpiration is used to control the � ow, and point measurements of the wall shear stress are assumed to monitor its
state. A high- but � nite-dimensional model is obtained via a Galerkin procedure, and this model is approximated
by a low-dimensional one using Hankel-optimal model reduction. For the purposes of control design, the � ow is
modeled as an interconnection of this low-dimensional system and a perturbation, re� ecting the uncertainty in the
model. The goal of control design is to achieve robust stability, that is, to stabilize any combination of the nominal
plant and a feasible perturbation, and to satisfy certain performance requirements. Two different types of surface
actuation are considered, harmonic transpiration and a model of a pair of suction/blowing panels. It is found that
the latter is more ef� cient in suppressing disturbances in terms of the control effort required.

Nomenclature
A, B, C, D = matrices of the � nite state-space

representation (subscripts may be used
to distinguish between different types
of states/inputs/outputs)

amn.t/ = coef� cients of a two-dimensional
Chebyshev/Fourier expansion

d = � ow disturbance
Gnom.s/ = nominal transfer function
Gs .s/; Gu.s/ = stable/unstable part of G M ;N

uz .s/
OGsk.s/ = kth-order Hankel approximation of G s.s/
Guy.s/, Twz.s/ = transfer function/matrix from the input u/w

to the output y/z
G M

uz.s/ = transfer function for a single wave number
model and Chebyshev order M

G M ;N
uz .s/ = transfer function for Chebyshev order M and

Fourier order N
OGuz.s/ = low-order approximation of Guz.s/

I, 0 = identity/zero matrix
j = imaginary unit

p
.¡1/

K .s/ = controller transfer function
L = fundamental channel length
l.x/ = function de� ning the spatial distribution of

blowing/suction
M , N = Chebyshev/Fourier expansion orders
kMk = spectral norm of a complex matrix (the largest

singular value)
p(x , y, t ) = pressure
Op(x , y, t ) = deviation of pressure from its base-� ow value
q.t/ = function controlling transpirationvelocity

(v D ¡ dl=dx ¢ q )
Re = Reynolds number
S.s/, T .s/ = sensitivity/complementary sensitivity function
s = Laplace transform argument
kT.s/k1 = H1 norm of a stable operator
t = time
U .y/ = base � ow streamwise velocity
u(x , y, t ), = streamwise/cross-channelvelocities
v(x , y, t )
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Ou(x , y, t ), = deviations of velocities from the base-� ow
Ov (x , y, t ) values
W .!/ = perturbationmagnitude bound
Wi1, Wi2 = input scales in the control setting
Wo1.s/; : : : ; = output weight � lters
Wo4.s/
w.t/, u.t/ = external input/control input
kw.t/k2 = L2 norm of a function .0; 1/ ! R
x , y = coordinates in streamwise/cross-channel

directions
x = state
z.t/; y.t/ = penalized/measurement output
z(x , y, t ) = shear (@ Ou=@y)
®0 = fundamentalwave number
0m .y/ = Chebyshev polynomial of order m
° = H1 performance index
1.s/ = perturbation transfer function
! = (dimensionless) angular frequency

Superscript

T = matrix transposition operator

I. Introduction

R ECENTLY � ow control has attractedconsiderableattention in
the � uids research community. One of the motivations for this

comes from the possibilityof reducingdrag on a bodyby preventing
or delaying transition from laminar to turbulent � ow. The systems
dealt with in these problems are, in control terms, very complex,
nonlinear, and in� nite dimensional, even if the � uid � ow is com-
paratively simple. Plane Poiseuille � ow, that is, � ow between two
in� nite parallel plates, is one of the simplest and best understood
cases of � uid dynamics. Controlling this � ow is, however, still a
challenging problem, even if it is assumed that deviations from the
steady state are small enough for the governing equations to be lin-
earized. The main problem is obtaining a suitable model that can
be used for design of a practically implementable, that is, relatively
low-dimensional,controller that would stabilizethe � ow and satisfy
certain performance requirements.

Control of linearizedplane Poiseuille � ow has been the subjectof
previous research,1¡5 where in Ref. 1 a simple proportional control
using distributedactuation/sensing with arrays of shear sensors and
thermoelectricactuators was developed; the goal was to modify the
dynamicalpropertiesof the � owbyheatingthe � uidand changingits
viscosity. Other work2¡4 has used boundary control based on tran-
spiration along one of the walls. In Ref. 2, the mathematical model,
that is, two-dimensional linearized Navier–Stokes equations with a
controlledboundarycondition,was approximated,using a Galerkin
procedure,by a � rst-order, � nite-dimensionalset of ordinary differ-
ential equations. Then, a special harmonically distributed blowing
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and suction action was employed such that only one wave number
(streamwise Fourier component) is affected. Closed-loop stability
was then achievedby a simple integralcontrollerwith appropriately
designed gain.

The same actuationand sensingwas used in Ref. 3, but a more ad-
vanced, linear quadratic Gaussian (LQG) controller was proposed.
The aim was not only stability but also optimality in the sense of
minimizing the expected value of a quadratic cost function, assum-
ing that the � ow and sensordisturbancesare independent,Gaussian,
zero mean white noises. The result was improved performance but
also a high-dimensionalcontroller.However, it was shown that the
controller dimension can be reduced signi� cantly without loss of
stability and degradation of performance. Nevertheless, the model
reduction method,3 was not optimal in the sense of minimizing the
reduction error, and this error was not taken into account at the
control design stage. In Ref. 5, the approach of Joshi et al.3 was
extended to the multiwave number case where distributed sensing
together with actuation was assumed.

The work of Bewley and Liu4 used H1 theory to design a con-
troller for Poiseuille � ow for a singlewave numberonly and without
model order reduction. The disturbances were assumed to belong
to the wide class of continuous bounded energy signals, which is
closer to the physical nature of most real disturbances than white
noise models. This is the setting of H1 control theory,6 which is
now well established, but the approach in Ref. 4 is nonstandard
in the sense that the controller design was split into the design of
an H1-suboptimalstate-feedbackcontrollerand an H1-suboptimal
state estimator. However, in the full H1-suboptimal approach (see
Ref. 6, p. 286), additional conditions are included, which results in
a much tighter coupling between the controller and estimator.

In this paper, which is an expanded and revised version of Ref. 7,
we will investigate the use of robust control techniques for plane
Poiseuille � ow. We consider the same � ow parameters and point
sensing as in previous work,2;3 but we shall include more than one
wave number in our control designs. First, in common with Refs. 2
and 3, the transpiration is harmonic and distributed along the full
channel length. In this case the controllercan only affect the dynam-
ics of one wave number. However, the dynamics of uncontrolled
wave numbers can be excited by disturbances, which, in turn, can
degrade closed-loop performance.This is taken into account in de-
sign and simulations reported here.

The secondformofboundarycontrolhas transpirationalongshort
sectionsof thechannelonly.This isa modelof the typeofsuctionand
blowing panels that are currently being considered for application
in aerospace systems. In this case, the controller affects an in� nite
number of wave numbers, but, as shown here, only a small number
of them are signi� cant for feedback control. To reduce the model
order, we use the Hankel-optimal method (see Ref. 8). Then, the
� ow is modeledas an interconnectionof a low-ordernominalsystem
and a perturbation.This perturbation is unknown but is assumed to
satisfy a certain frequency-domainbound. This upper bound is not
obtained rigorously but estimated from the modeling error relative
to very high-order Galerkin approximations and increased by an
additional margin. One of the goals of controller design here is
to � nd a controller that guarantees closed-loop stability for any
combinationof the nominal plant and a feasible uncertainty, that is,
makes the closed loop robustly stable. It is a major advantage of
H1 control theory that it, unlike the LQG approach, can address
this issue of model uncertainty directly.

The controllers developed in this paper were simulated in the
loop with high-order models. In addition, although the controllers
have been designed from data from a single operating point, the
controllers have been tested in off-design conditions, for example,
at different Reynolds numbers.

II. Mathematical Models
A. Finite Approximations

Here we essentially follow Ref. 2 to obtain a � nite-dimensional
Poiseuille � ow model. The � ow in the channel is nondimensional-
ized using the channel half-height and the centerline velocity. We
consider a periodic channel of length L so that ¡1 · y · 1 and
¡L=2 · x · L=2. Let p.x; y; t/ be the pressure, and let u.x; y; t/

and v.x; y; t/ be the velocities in the direction of the x and y axes,
respectively.The steady base � ow is givenby p.x; y; t/ D ¡2x=Re,
u.x; y; t/ D 1 ¡ y2 D: U .y/, and v.x; y; t/ D 0, where Re is
the Reynolds number. Assume that the quantities Op.x; y; t/ ´
p.x; y; t/ C 2x=Re, Ou.x; y; t/ ´ u.x; y; t/ ¡U .y/, and Ov.x; y; t/ ´
v.x; y; t/ are small so that the � ow is governed by the linearized
Navier–Stokes equations

@ Ou
@t

C U0 ¢ r Ou C Ou ¢ rU0 D ¡r Op C
1
Re

r2 Ou (1)

r ¢ Ou D 0 (2)

where U0 D .U; 0/ and Ou D . Ou; Ov/. The boundary conditions are
Ou.x; 1; t/ D 0 and Ou.x; ¡1; t/ D f0; ¡[dl.x/=dx]q.t/g, where the
last conditiondescribes the wall-normal blowing/suction.The func-
tion l.x/ is assumed to be suf� ciently smooth and represents the
geometric con� guration of the blowing and suction elements, and
the functionq.t/ modi� es the blowing/suction accordingto the con-
trol law.

To express the Navier–Stokes equationsinto the form used in this
study, write

Ou D
³
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; ¡ @8
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; ¡ @l
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´
(3)

where f .y/ is any smooth function that satis� es f .¡1/ D 1 and

f .1/ D @ f .y/

@y

­­­­
y D ¡1;1

D 0

and 8 is a stream function2;3 that satis� es the homogeneousbound-
ary conditions8 D @8=@y D 0 for y D §1. As measurementoutput,
we use the streamwise shear component at a point xi on the lower
wall given by

z D
³

@28

@y2
C q

@2 f

@y2
l

´­­­­
y D ¡1;x D xi

(4)

A � nite-series approximation of the function 8 was taken as

8.x; y; t/ ¼
NX

n D ¡N

M C 4X

m D 0

amn.t/ exp. jn®0x/0m .y/ (5)

where 0m.y/ are Chebyshevpolynomialsand ®0 D 2¼=L is the fun-
damental wave number.

A Galerkin procedure (for details, see Ref. 9) is now applied to
produce a set of .2N C 1/.M C 1/ ordinary � rst-order equations,
which can be written as

Pxn D Anxn C B1nq C B2n Pq C Bdndn; n D ¡N; : : : ; N (6)

where xn D [a0n ¢ ¢ ¢ aMn ]T . Here the dn represent the � ow distur-
bances whose mathematical description is relevant to the choice of
the optimality criterion for the control design. If these disturbances
are Gaussian white noises the LQG performance index would be
suitable,3 but here we assume that they are arbitrary functions of
bounded energy.

This boundedenergyconceptwill be made precise later and leads
naturally to the H1 criterion, and although the bounded energy
assumption seems to be reasonable physically, our choice of the
H1 method was motivated also by the fact that it can more easily
handlemodel uncertainties.We shall setBdn D 10¡10I, which means
that the disturbances affect all modes uniformly.

The output approximatingshear becomes (dependingon the sen-
sor location xi )

z D
NX

n D ¡N

Cn.xi /xn C D.xi /q (7)

We also assume that the dynamics of the actuator are described by

Pxp D Apxp C Bpu; q D Cpxp (8)
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where u is the control input. The derivativeof q is then obtained as

Pq D CpApxp C CpBpu (9)

and Eqs. (6–9), are a standard set of state-spaceequations on which
to base the analysis.

In thiswork, theactuatormodelis de� nedbyAp D ¡0:01,Bp D 1,
and Cp D 1, that is, a stable approximation of the integrator used in
other work.2;3 Also, as per Ref. 2, we set L D 4¼ and Re D 104, and
in this case, all matrices An for n 6D §2 are stable. Matrices A2 and
A¡2 have in total one eigenvaluepair with a small positive real part.

We deal with two cases of boundary control. First, as in Refs. 2
and 3, we take l.x/ D sin.x/, where main advantageof this control
arrangementis thatB1n D B2n D 0 for alln 6D §2. Hence, in feedback
stabilizationterms,we candealwith onlyonewave numberpair.The
second case is when dl.x/=dx is a smooth approximationof a pair of
rectangular pulses of equal widths and opposite amplitudes, which
also guarantees that the transpired � uid has zero total mass � ux.
The transition between 0 and 1 (and vice versa) takes place over a
nonzero length. This interval is divided into four equal subintervals,
and on each of these dl.x/=dx is a � fth-order polynomial so that
continuity of the relevant derivatives is guaranteed.This is a model
of a pair of blowing/suction panels. Also this type of control action
excites the dynamics of all nonzero wave numbers, which makes
the controller design problem more challenging. Here the panels
were located at (¡1:8¼ , ¡1:3¼ ) and (¼ , ¡1:5¼ ) and the sensor at
x D ¡¼ .

B. Low-Order Uncertain Models
From this point onward, we shall deal with transfer function ma-

trix representationsof systems. If a (� nite-dimensional) linear sys-
tem has a state-spacerepresentation Px D Ax C Bu, z D Cx C Du, the
transfer function matrix between the input u and output z vectors is
given by Guz.s/ D C.sI ¡ A/¡1B C D, where s is the Laplace trans-
form variable.

In the remainder of this section, we deal with the case of one
input and one output (and, hence, the transfer function matrix is a
scalar). Note also that the disturbance in the problem setup is not
relevant to closed-loop stability and, hence, will not be discussed
in this section. Also instead of considering a particular Guz.s/; we
consider the set

f[1 C 1.s/]Gnom.s/j#RHP poles of Gnom

D #RHP poles of .1 C 1/Gnom;

k1. j!/k < W .!/8! 2 <g (10)

where k ¢ k denotes largest singular value of a complex matrix (or
absolute value in the scalar case), Gnom.s/ is a low-dimensional
nominal system, 1.s/ is an unknown perturbation (or modeling
error), which can be in� nite dimensional, and W .!/ is a weight
function. In addition to the frequencybound, 1.s/ is constrainedso
that any perturbed system has the same number of unstable, that is,
(closed) right half-plane (RHP) poles as Gnom.s/. Our aim is to � nd
these Gnom.s/ and W .!/ that subsequently become parameters for
robust control design.

It is easy to ensure that the number of unstable poles of Guz and
Gnom is identical, because there is just one complex pair of unsta-
ble poles of Guz.s/ whose location is well known,10 and Gnom.s/
can be computed from the state–space equations obtained in the
preceding section.The main issue now is the choice of the approxi-
mation order. Low orders will result in large modeling errors, hence
restricting the achievable performance, whereas high orders yield
very complicatedcontrollersthat are unsuitablefor implementation.
However, high- but � nite-dimensional systems can be signi� cantly
reducedwithout signi� cant increaseof modeling error. Here we use
the Hankel optimal reduction method8 for this key task. We have no
rigorous way of estimating W .!/ such that the set (10) is guaran-
teed to contain the true Guz . Consequently, we obtain our estimate
based on very high-orderGalerkin approximationand then allow an
additional margin.

We shall consider � rst the case of harmonically distributed tran-
spiration that affects only the single wave number n D §2. The po-

Fig. 1 Magnitude of the single wave number model for M = 100.

Fig. 2 Comparison of magnitudes of ±100 66 40 (——), Ã± (– – – ), and
W(! ) ( ¦ ).

sition of the shear sensor is � xed at xi D ¼ as in previous work.2;3

This was chosen to avoid unstable zeros of Guz.s/, which would
restrict the achievableperformance.

Consider now approximations for different Chebyshev orders
M whose transfer matrices are denoted by G M

uz.s/. First we take
G100

uz .s/, which is a system of dimension (including the actua-
tor) 2.M C 1/ C 1 D 203. Its magnitude plot jG100

uz . j!/j vs ! is
given in Fig. 1 and shows a distinct peak at ! ¼ 0:23, which is
caused by a pair of unstable poles very close to the imaginary
axis. The error relative to G100

uz [approximating 1 in Eq. (10)]
is ±100=M .s/ :D G100

uz .s/=G M
uz.s/ ¡ 1, and this error for M D 40 is

much smaller than 1 for a reasonably broad frequency range (see
Fig. 2). For M D 30, we could still get acceptablevalues,whereas for
M D 20 the model is quite poor and does not even give a suf� ciently
accurate position of the dominant unstable eigenvalue pair. Using
G20

uz.s/ as Gnom.s/ would compromise the achievableperformance.
We have established that the error j±k= i . j!/j is insensitive to k

for k ¸ 50 at frequencies ! < 10. This convinces us that our er-
ror estimate is correct for those frequencies. Now consider the ap-
proximation G40

uz.s/, which is a, rather large, rational function of
order 83. However, it can be readily reduced using the standard
Hankel-optimalmodel reduction procedure.8 Its implementation in
MATLAB® can be found in the toolbox.11 This method is applicable
to stable transfermatrices only.Therefore,we decompose G40

uz.s/ as
G40

uz.s/ D G s.s/ C Gu.s/, where G s.s/ is the stable part and Gu.s/
has all poles in the complex RHP. We apply this reduction technique
to Gs.s/ to obtain the function OGsk.s/ of order k and also a good es-
timate (see Ref. 8) of the reductionerror sup!kGs. j!/ ¡ OGsk. j!/k.

In actual fact, G s.s/ can be approximated by a � fth-order
function with suf� cient precision. Let OGuz.s/ D OG s5.s/ C Gu.s/ be
our approximation of G40

uz.s/. Then its error relative to G100
uz .s/

given by j O±. j!/j D jG100
uz . j!/= OGuz. j!/ ¡ 1j (Fig. 2). The mod-

erate increase of modeling error compared to ±100=40 is compen-
sated for by a large reduction in complexity, down from 83 states
to 7. Finally, we chose the error weight function of Eq. (10) as
W .!/ D j0:25.2 j! C 1/=.0:001 j! C 1/j, which places rather con-
servative upper bounds on j O±. j!/j and j±100=40. j!/j (Fig. 2).
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Fig. 3 Magnitudes of ±120;500 66 40;6 (——), Ã± (– – – ), and W(! ) ( ¦ ).

It was found that the magnitude of the transfer function Guz.s/
varies considerably with the position of the sensor, particularly at
high frequencies. This naturally raises an issue of robustness with
respect to the sensor location.Here we shall assume that we are able
to set the positionof the sensor with suf� cient precisionto avoid this
problem. Note, however, that, even with a correctly placed sensor,
shear responses along the bottom wall may vary signi� cantly if the
control signal u has signi� cant high-frequencycomponents.

Now we assume that the transpiration velocity input is propor-
tional to the pair of smoothened rectangular pulses d l.x/=dx as
described in this section. This input excites in� nitely many wave
numbers, and only using a � nite Fourier series approximation intro-
duces an additionalmodeling error. Let G M;N

uz .s/ denote the transfer
function of the � ow when approximatedby an a Chebyshev expan-
sion order M and Fourier order N . Examinationof the magnitudeof
G M ;N

uz .s/ showedthat, comparedto the harmoniccase, the frequency
response is less sensitiveto the positionof the sensor.However, here
we cannot avoid unstable zeros by choice of xi , and here we chose
xi D ¡¼ .

Let ±m;n= i; j . j!/ :D Gm ;n
uz . j!/=G i; j

uz . j!/ ¡ 1. Then it was found
that this quantity is insensitiveto n for m ¸ 50. Based on our earlier
discussion, we can assume that ±m;n= i; j . j!/ is a good estimate of
the modeling error for ! < 10 for m; n ¸ 50. Figure 3 shows the
magnitude plot of j±120;500=40;6. j!/j.

The transfer function G40;6
uz .s/ is, therefore, a good candidate

for the nominal function Gnom.s/, but for the fact that its order
is 534. Applying the Hankel-optimal reduction procedure, how-
ever, gives an approximation OGuz.s/ of order 14, whose relative
error with respect to G120;500

uz .s/ is denoted by O±.s/ (Fig. 3 plots
both this quantity and its magnitude). Hence the Hankel-optimal
reduction gives a much simpler model without signi� cantly in-
creasing the modeling error. Finally, we choose the error bound as
W .!/ D j0:2.4 j! C 1/=.0:001 j! C 1/j, allowing a generous mar-
gin for additional high-frequencymodeling errors.

III. Control of Poiseuille Flow
A. Control Problem Formulation

We now formulate a � ow control problem in the H1 framework
where we give only the essential background results; for a detailed
treatment of H1 control theory see, for example, Ref. 6. Once this
problem is formulated, its solution is straightforward, and a con-
troller can be computed using widely available software packages,
for example, a MATLAB toolbox.11

Considerthe standardfeedbackcon� gurationthat consistsof gen-
eralized controlled plant P described by its transfer matrix written
in the form

µ
z.s/

y.s/

¶
D P.s/

µ
w.s/

u.s/

¶
; P.s/ D

µ
Pwz.s/ Puz.s/

Pwy.s/ Puy .s/

¶

with the inputsw (externalinputs,e.g.,disturbances) andu (controls)
and the outputs z (penalized outputs) and y (measurements). By

assumption, w 2 L2.0; 1/, that is the function space with a norm
de� ned as

kwk2 :D

" Z 1

0

w.t/T w.t/ dt

# 1
2

< 1

This is referred to as the square root of the generalizedenergy of the
signal w. The transfer matrix Twz.s/ of the feedback system under
the control law u D Ky is given by (omitting the argument)

Twz D Pwz C PuzK.I ¡ Puy K/¡1Pwy (11)

The closed-loop performance index is measured in terms of the so-
called 1 norm, where if we assume that Twz is a stable transfer
matrix, then

kTwz.s/k1 :D ess sup
! > 0

kTwz. j!/k (12)

An important property of this operator norm is that it is induced
from the 2 norm,

kTwzk1 D sup
w 2 L2 .0;1/

kzk2=kwk2 (13)

The objectiveof control design is to � nd a controllerK such that the
closed loop is internally stable, which means that all states of the
plant and the controllerasymptoticallyconverge to 0 in the absence
of external inputs and kTwzk1 is as small as possible. However,
this optimization problem is dif� cult to solve; instead, we solve a
feasibility problem of � nding a stabilizing controller K such that
kTwzk1 < ° , where ° is a positive constant. Then, we search for
the smallest ° for which this feasibility problem has a solution.
It follows from Eq. (13) that ° 2 is the maximum disturbance-to-
optimized-outputenergy ratio.

One of the main reasons for using the H1 norm is that it can
be used in a tight robust-stability condition. Consider the feedback
system of Fig. 4. The closed-loop transfer function matrix from w
to z in the nominal case, that is, 1 D 0 is given by

T D .I ¡ GnomK/¡1GnomK (14)

and is called complementary sensitivity function in the control lit-
erature.Assume that this matrix is stable. Then, the system in Fig. 4
is stable for any Guz from the set (10) if and only if, for all !,
kT. j!/k1 < 1=W .!/. Suppose also that Wo2.s/ is a stable transfer
functionmatrix with a stable inverse and kWo2. j!/k ¸ W .!/. Then
it follows from properties of the H1 norm that this robust stability
condition is satis� ed if kWo2.s/T.s/k1 < 1.

Now we formulate our control problem in the H1 framework.
Let our low-order approximation of the � ow be given by transfer
function matrix OG.s/ D [ OGdz.s/ OGuz.s/] obtained by the procedure
described in the preceding section, where here we have applied
model order reductionwith disturbancesincluded. [Note that in this
speci� c case OGuz.s/ is a scalar and so are K .s/ and T .s/.] This is
justi� ed by the very small scale of Bdn in Eq. (6), and hence, the
resulting reduction errors are essentially the same as before. The
low-order approximation of Gdz.s/ is much less accurate than that
of Guz.s/, but this cannot affect stability.

As was already noted, the unstable part was extracted from the
model during the order reduction process. Also only the stable part
was approximated by a low-order model. The unstable part here,
that is, Gu.s/, is known fairly precisely and is, in fact, a generator
of slowly growing oscillations of ! ¼ 0:23. As a dominant part of
the model, it will receive special attentionduring the design process
where its two states, denoted by » , will be regarded as a penalized
output.

Fig. 4 Simple feedback
loop.
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Fig. 5 Flow control in the
H1 framework.

The transfer functionmatrix of the generalizedplant is now taken
to be (Fig. 5)

PN D

2

6666664

0 Wo1Gd» Wi1 Wo1Gu
u»

0 Wo2
QGdz Wo2

OGuz

Wo3 Wo3
QGdz Wo3

OGuz

0 0 Wo4

1 QGdz
OGuz

3

7777775
(15)

where QGdz D Gu
dzWi1 C OGs

dzWi2. The scalarsWo1; : : : ; Wo4 are either
stable transfer functions with stable inverses or constants; if non-
constant, they introduce frequency-dependent weighting into our
criterion, which is necessary to � nd tradeoffs between various con-
� icting design requirements.

The function Wo3.s/ weights the perturbed shear output mea-
sured by the sensor and the closed-loop transfer function from dis-
turbance w1 to this output and is the so-called sensitivity function,
denoted by S.s/. Because w1 models the effects of uncertain dy-
namics, we naturally want the magnitude of this transfer function
to be as low as possible over a wide frequency range. However, the
achievablefrequencyrange is restrictedby robustnessrequirements
andalso structurallimitations,for example,unstablezeros.6 Assum-
ing that ° is the performanceindexachieved,the sensitivityfunction
is bounded by kS. j!/k · jWo3. j!/¡1Tw1 z3 . j!/j · ° jWo3. j!/¡1j.
Hence, Wo3.s/ is typically a low-pass � lter.

The � lter Wo2.s/ weights the nominal shear output. The closed-
loop transfer matrix from disturbance w1 to this shear is ex-
actly the mixed sensitivity function T .s/ of Eq. (14). We choose
jWo2. j!/j ¸ W .!/, where W .!/ is the error bound of Eq. (10).
Then, the robust stability condition is satis� ed if kTw1 z2 .s/k1 < 1.
This is automatically satis� ed if (but not only if) ° · 1. The weight
Wo4 is usually chosen as a high-pass � lter to suppress the high-
frequency components of the control input that restricts acceler-
ation of the transpired � uid. Also, at high frequencies, the shear
response may vary dramatically along the wall. If these com-
ponents are present in the control signal, they could result in
time responses with high peaks at locations where shear is not
measured.

If the remaining weights Wi1, Wi2, and Wo1 are zero, then we
have the classical mixed sensitivity problem.6 This formulation,
although useful in many applications, cannot handle effectively
� ow disturbances d as well as nonzero initial conditions. For in-
stance, the near j!-axis poles of Gu.s/ would be shifted just into
the stable domain, but they would have very poor damping. This
means that the whole � ow would contain lightly damped oscil-
lations with ! ¼ 0:23, which may be canceled only at the sensor
location. Improved damping can be achieved here by better choice
of the weight Wo1 . The matrices Wi1, Wi2 could be used to re� ect a
priori knowledge of (frequency-dependent) disturbance properties.
However, here we only use these matrices to introduce constant
scaling.

Checking the existence of an H1 controller requires, under mild
conditions,6 solvability of two algebraic Riccati equations, where
their solutions have to satisfy a coupling condition.Based on these
solutions, the state-space form of a feasible controller can be com-
puted that is of the same order as the plant (including weighting
� lters). The general form of the equations for an H1 controller can
be found in Ref. 6, pp. 288–293. We note that these equations,which
were used in this work, are differentfrom thosegiven in otherwork.4

To compute the optimal performance index ° and the controller,we
use the MATLAB routine hinfsyn of Balas et al.11

B. Results: Harmonic Transpiration Case
We undertake an H1 control design and compare its responses

(both frequency and time domain) with those based on the LQG
design with prescribed degree of stability reported elsewhere.3 For
time-domain simulations,we chose initial conditions responses, for
simplicityand comparisonwith Ref. 3, although H1 control design,
unlike LQG designs, does not optimize these responses.

The control con� guration is shown in Fig. 5. The parameters
were chosen in conjunction with the guidelines outlined in the pre-
ceding subsection after several trial-and-error iterations to � nd a
compromise between various con� icting requirements. We chose
Wi1 D 103I, Wi2 D I, and

Wo1 D 105; Wo2 D 0:35.2s C 1/

.0:001s C 1/

Wo3 D 3000.s C 1/2

.100s C 1/2
; Wo4 D 0:1 (16)

The disturbance-input weights Wi1 and Wi2 are set to constant
matrices because the disturbance spectra are not known and we
emphasized the disturbances exciting the unstable part of the
� ow.

The weight Wo1 of the state » of the unstable part was set to 105.
It was found that for lower values it is not effective in damping the
oscillations and that higher values cause performance degradation.
Our choice of the output � lter Wo2.s/ satis� es the robustness con-
dition rather conservatively:We have jWo2. j!/j D 1:4W .!/, which
means we are leaving more room for larger modeling errors, or,
alternatively, for additional � nite-energy disturbances.

The output weight Wo3.s/ is a second-order, low-pass � lter that
should force a low shear output over the widest possible frequency
range. For simplicity, control weight Wo4 was taken as a constant.
The resultingperformanceindex is ° ¼ 0:88 and the controllerK .s/
is of order 10.

The simulation setting is as follows. We set the Chebyshev order
M D 40 and for each wave number i®0, i D 0; : : : ; 5 we chose, as
a random initial condition, xi .0/ set equal to the MATLAB term
1e¡4=.i C 1/ˆ 2 ¤ rand.82; 1/. To obtain repeatableresults, the ran-
dom number generator was � rst initialized by the command rand
(’state’, 0).

The controllerandactuatorwere initializedto 0, and the responses
were generated using the MATLAB function trsp for linear system
responses.11 Shear plots measured at x D xi D ¼ are given in Fig. 6.
Both H1 and LQG controllersdo a good job of fast shear reduction.
Also, the LQG response settles faster than the H1 one, which is
slower and also contains some slowly damped oscillations, which
are, however, negligible compared to the disturbance size.

Figure 7 shows the blowing/suction responses,and it is clear that
both controllersrespond very quickly, but the initial response of the
LQG controller has a peak that is almost double that of the H1
controller. Hence, the LQG controller is much more demanding on
actuatorspeed. In the longer term, both controllerresponsesare very

Fig. 6 Shear responses at x = ¼: H 1 controller (——), and LQG con-
troller (– – –).
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Fig.7 Blowing/suctionresponses: H 1 controller (——), andLQG con-
troller (– – –).

similar. Figure 7 also shows that the whole feedback system needs
a much longer time to settle than Fig. 6 may suggest.

Another key issue is shear responses at locations other than
x D xi D ¼ , which are not directly penalized by either design. For
example at x D ¼=2, the H1 response jumped from its initial value
of about 400 to ¡100 in almost no time, and the whole response
neededa much longertime to settle thanat x D ¼ . The LQG response
had a much greater overshoot (to ¡400). This feature is explained
by that (1) the frequency range of the LQG control signal is con-
siderably wider than that of the H1 one and (2) at high frequencies
the control-to-shearresponses are very sensitive to x . Examination
of the magnitudesof the transfer functions Tw1 z (equal to the mixed
sensitivity function) for both controllers and the robustness con-
straint W .!/¡1 showed that the LQG controller came much closer
to the constraint than its H1 counterpart and is, therefore, more
vulnerable to modeling errors.

Finally, the stability of this closed loop was tested for Reynolds
numbers from 5 £ 103 to 105 in incrementsof 1000.The closed loop
was stable for the whole set.

C. Results: Discrete Transpiration Case
Herewe shalldealwith H1 controlof thechannel� owmodelwith

a pair of blowing/suction panels. As outlined in Sec. II, robustness
requirements here are stricter than in the harmonic case. Also, the
plant has one unstable zero, which restricts the frequency range in
which the sensitivity function can be made small without making it
excessively large elsewhere. This means that, in the time domain,
the responses may be relatively slow and oscillatory.

The shear sensor position is xi D¡¼ . The design parameters are
as follows: Wo1 D 1:5 £ 105 ,

Wo2 D 0:26.2s2 C 4s C 1/

.0:001s C 1/2
; Wo3 D 10.4s C 1/

200s C 1
;

Wo4 D 200.2s C 1/

0:001s C 1
(17)

The input scale matrix Wi2 was chosen to be zero, that is, so that the
disturbancecomponent that affects the stable eigenspace is ignored
and the component disturbing the unstable eigenspace is weighted
by Wi1 D 103. The output weight Wo2 is higher than the perturbation
bound W .!/. The other designparameterswere chosenafter several
trial-and-error iteration steps to give a controller K , which results
in the closed-loop H1 norm with value less than ° ¼ 80.

Figure 8 gives the closed-loop frequency responses and shows
that the loop is robustly stable. Also, it can be seen that the control
function magnitude is small at very high, and very low frequencies,
that is, where the shear is highly sensitive to x .

For the simulation studies, we considered a � ow model with
M D 40 and N D 10, and hence, the state-space dimension of the
plant simulation model is 863. The controller has 18 states, and the
initial condition was chosen as in Sec. II.B. Wave numbers n®0,
n D §6; : : : ; §10, togetherwith actuator and controller,are initial-

Fig. 8 Magnitudes: sensitivity (– – – ), complementary sensitivity
(——), control (–¢ –¢ – ), and W(!)¡ 1 ( ¦ ).

Fig. 9 Shear responses at x = xi = ¡ ¼.

Fig. 10 Shear responses along the wall: diamonds mark the path for
x = xi.

ized to zero and the responses were computed using the standard
ode45 solver from MATLAB.

Figure 9 shows the response of the measured shear and Fig. 10
shows shear responses along the wall. In Fig. 9, we see that the
shear drops very quickly from a large initial value of about 250.
This is followed by some slowly damped oscillations that are hard
to suppress due to the presence of unstable zeros in the � ow model.
Nevertheless, their amplitude is small compared to the initial value.
Figure 11 shows that the transpiration velocity has a peak signi� -
cantly lower than in the previous case of harmonic actuation. This
also holds for its rate of change around t D 0 (Fig. 7). As a conse-
quence, the shear is attenuatedvery uniformlyalong the bottomwall
(Fig. 10). Notice also in Fig. 11 that the control signal approaches
zero very slowly. This is due to the contribution of the zero wave
number, which is uncontrollableand contains very slow modes.

Stabilityof theclosed loop was also tested for a rangeof Reynolds
numbers. The highest Reynolds number for which the closed loop
is still stable lies between 1:5 £ 104 and 1:6 £ 104 .
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Fig. 11 Blowing/suction responses.

IV. Conclusions
We have investigatedan approachto low-dimensionalrobust con-

trol of plane Poiseuille � ow. There are several important contribu-
tions in the work reported. The � rst of these is controlling simulta-
neously (but not independently) multiple wave number dynamics.
To achieve this, we had to use an advanced method of model re-
duction to reduce model complexity signi� cantly. Second, the � ow
was modeled as an interconnection of a low-dimensional nominal
system and an uncertainty.This uncertaintywas fully accounted for
in controllerdesign, thus making the controller truly robust with re-
spect to modeling uncertainties.Third, frequency-domainanalysis
and frequency weighting were used in a � ow control context.

Finally, different forms of surface transpiration have been con-
sidered. This includes a new model of surface transpiration that is
a representationof a pair of blowing/suction panels. This is a much
simpler actuator con� guration than the harmonic one, but it does,
however, introduce much stricter performance limitations (due, for
example, to larger modeling error and an unstable zero). Against

this, however, it requires less control effort (in terms of transpira-
tion velocity magnitudes) than the harmonic arrangement.

The extension of this work to the three-dimensional case is cur-
rently under investigation.

References
1Hu, H. H., and Bau., H. H., “Feedback Control to Delay or Advance

Linear Loss of Stability in Planar Poiseuille Flow,” Proceedings of the Royal
Society of Lodon, Series A: Mathematical and Physical Sciences, Vol. 447,
No. 1, 1994, pp. 299–312.

2Joshi, S. S., Speyer, J. L., and Kim, J., “A System Theory Approach
to the Feedback Stabilization of In� nitesimal and Finite-Amplitude Distur-
bances in Plane Poiseuille Flow,” Journal of Fluid Mechanics, Vol. 332,
1997, pp. 157–184.

3Joshi, S. S., Speyer, J. L., and Kim, J., “Finite Dimensional Optimal
Control of Poiseuille Flow,” Journal of Guidance, Control, and Dynamics,
Vol. 22, No. 2, 1999, pp.340–348.

4Bewley, T. R., and Liu, S., “Optimal and Robust Control and Estimation
of Linear Paths to Transition,” Journal of Fluid Mechanics, Vol. 365, 1998,
pp. 305–349.

5Cortelezzi, L., Speyer, J. L., Lee, K. H., and Kim, J., “Robust Reduced-
Order Control of Turbulent Channel Flows via Distributed Sensors and Ac-
tuators,”Proceedings of the 37th IEEE Conference on Decision andControl,
Inst. of Electrical and Electronics Engineers, New York, 1998, pp. 1906–

1911.
6Zhou, K., and Doyle, J. C., Essentials of Robust Control, Prentice–Hall,

Upper Saddle River, NJ, 1998, pp. 269–300.
7Baramov, L., Tutty, O. R., and Rogers, E., “Robust Control of Plane

Poiseuille Flow,” AIAA Paper 2000-2684, July 2000.
8Glover, K., “All Optimal Hankel-Norm Approximations of Linear Mul-

tivariable Systems and Their L1-Error Bounds,” International Journal of
Control, Vol. 39, No. 6, 1984, pp. 1115–1193.

9Canuto, C., Hussaini, M. Y., Quarteroni, A., and Zang, T. A., Spectral
Methods in Fluid Dynamics, Springer, New York, 1988, pp. 76–182.

10Orszag, S. A., “Accurate Solution of the Orr–Sommerfeld Equations,”
Journal of Fluid Mechanics, Vol. 50, 1971, pp. 689–703.

11Balas, G. J., Doyle, J. C., Glover, K., Packard, A., and Smith, R., “¹-
Analysis and Synthesis Toolbox for Use with MATLAB,” User’s Guide
Ver. 3, Mathworks, Natick, MA, 1998.


